In this work, we investigate quantum Fisher information(QFI) and quantum coherence(QC) of an atom in dissipative cavity. In zero temperature reservior and with one excitation number, we obtain the analytical solutions of QFI and QC as well as their relationship for Ohmic and Lorentzian reservoir, respectively. The results show that both of the atom-cavity coupling and the cavityreservoir coupling can effectively protect QFI and QC. Especially, QFI and QC will tend to their stable values when the atom-cavity coupling or the cavity-reservoir coupling is larger than a certain value. QC can augment QFI and can effectively improve the quantum metrology. In addition, we give a physical explanation of the dynamic behavior of QFI and QC by using the decoherence rate.
I. INTRODUCTION
Quantum Fisher information(QFI) is a central concept in quantum metrology and quantum estimation theory, which effectively characterizes the statistical distinguishability about parameters encoded in quantum states and defines the precision of parameter estimation in quantum measurements through the Cramér-Rao inequality [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . On the other hand, quantum coherence(QC) is one of important characteristics that quantum physics differs from classical physics. Quantum coherence constitutes powerful resources for quantum metrology [11, 12] and entanglement creation [13, 14] , and is widely used in quantum optics [15] [16] [17] [18] , quantum information [19] .
As we known, any quantum system in the realistic world is open since it inevitably interacts with its environment. An open quantum system is governed by a nonunitary time development which describes features of irreversible dynamics such as the dissipation of energy and the decay of quantum coherence and correlation [20, 21] . QFI and QC of an open quantum system are inherently troubled by the interaction with surrounding environment. Recently, more and more attention has been paid to investigate QFI and QC of open quantum systems. For instance, the influence of an environment on QFI and quantum estimation has been extensively studied, including quantum Fisher information and quantum Fisher information flow of an open system, quantum metrology and parameter estimation precision in non-Markovian environment and quantum Fisher information of multiple phases in an open quantum system [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Some schemes for measuring and protecting quantum coherence have also been proposed [32] [33] [34] [35] [36] [37] [38] [39] [40] . Moreover, one has studied the relationship between QFI and QC [41, 42] . * zhmzc1997@hunnu.edu.cn Much important progress has been obtained in theoretical and experimental researches on QFI and QC of open quantum systems, but these studies are mainly focused on some quantum systems interacting directly with their environments. In this paper, we investigate QFI and QC of an atom in a cavity interacting with a reservoir. We acquire analytical and numerical results of QFI and QC as well as their relationship when the cavity interacts with Ohmic and Lorentzian reservoir at zero temperature, respectively. The results show that, both of the atom-cavity coupling and the cavity-reservoir coupling can effectively protect QFI and QC.
The outline of the paper is the following. In Section 2, we provide a physical model. In Section 3, we obtain the expressions of QFI and QC. We discuss in detail the influence of the atom-cavity coupling and the cavityreservoir coupling on QFI and QC in Section 4. Finally, we conclude with a brief summary of important results in Section 5.
II. PHYSICAL MODEL
We consider an atom in a single mode cavity coupling with a multi-mode reservoir. Assume the atom-cavity of interest is a part of a larger system whose dynamics is unitary, the Hamiltonian of the total system is given bŷ
whereσ z andσ ± are the Pauli matrices in the space of the atomic excited(|e ) and ground(|g ) states.ĉ † k (ĉ k ) is the creation(annihilation) operator of the reservoir and g k is the coupling strength of the cavity-reservoir.â † (â) is the creation(annihilation) operator of the cavity and Ω is the coupling strength of the atom-cavity [43] .
Under the Born-Markov and the rotating wave approximations, tracing out the reservoir degrees of freedom for arXiv:1912.05760v1 [quant-ph] 12 Dec 2019 the total density operator, assuming that the total system has only one initial excitation and the reservoir is at zero temperature in the following section. Let the dressed states are |α 1± = (|1g ± |0e )/ √ 2 and |α 0 = |0g . The transition operators areb
The master equation for the density operator (t) of the atom-cavity system [44] [45] [46] is
whereĤ = 1 2 ω 0σz + ω 0â †â + Ω(âσ + +â †σ − ). γ 1 (t) and γ 2 (t) are the time-dependent decay rates for |α 1,− and |α 1,+ , respectively.
By means of the representation transformation and tracing out the cavity degrees of freedom, we can acquire the density matrix ρ(t) of the atom in the standard basis{|e , |g }. Suppose the initial state is |Φ(0) = cos θ 2 |e + e iφ sin θ 2 |g , ρ(t) can be expressed as
where the probability amplitude p(t) is written as
in which ω 1 = ω 0 − Ω (ω 2 = ω 0 + Ω) is the transition frequency of the dressed-states |α 1,− → |α 0 (|α 1,+ → |α 0 ), and
here
when J(ω ) is the spectral density of reservoir. We rewrite Eq. (3) as a time-local master equation [21] , namely
where
is the Lamb frequency shift to describe the contribution from the unitary evolution part under dynamical decoherence, and
represents the decoherence rate of the atom to characterize the backflow of information from the environment to the atom.
III. QUANTUM FISHER INFORMATION AND QUANTUM COHERENCE
For quantum Fisher information, there are many different and useful versions, here we will adopt the one based on the symmetric logarithmic derivative [2, 4, 27, 28] . φ denotes a single parameter to be estimated and L φ is symmetric logarithmic derivatives for the parameter φ, QFI is defined as
Usually, it is difficult to give QFI in the form of the density operator for a general system. Fortunately, the QFI of the two-dimensional density matrix has obtained explicitly in Refs. [5, 26] as
Then adopting Eq. (3) and Eq. (11) by some straightforward calculation, the expressions of the QFI with respect to φ and θ are respectively acquired as
From Eqs. (12) , we know that F φ is dependent on θ and p(t) while the characteristic of F θ is only determined by the function p(t). There is F φ = F θ when θ = π 2 . Due to the fundamental importance of quantum coherence, a number of coherence measures have been proposed, such as the l 1 norm and relative entropy of coherence [32] and the skew information [33] . Here, we make use of the l 1 norm of coherence. From Eq. (3) we can get the expressions of the QC as
where ρ ij (t)(i = j) is the non-diagonal element of the density matrix ρ(t). Eq. (13) shows that the C l (t) is dependent on θ and p(t).
Comparing Eqs. (12) and Eq. (13), we can obtain the analytical relationships between QFI and QC as
From Eqs. (14), we know that the quantum coherence can augment the QFI and can effectively improve the quantum metrology because the QFI will enlarge with the quantum coherence enlarging.
IV. RESULTS AND DISCUSSIONS

A. Ohmic reservoir with a Lorentz-Drude cutoff function
If the reservoir is an Ohmic spectral density with a Lorentz-Drude cutoff function
where ω is the frequency of the reservoir, and ω c is the cut-off frequency depending on the coupling strength.
The case ω c ω 0 is essentially strong cavity-reservoir coupling. However, the case ω c ω 0 is weak cavityreservoir coupling [47] [48] [49] . Inserting Eq. (15) into Eq. (6),
Utilizing Eq. (5) and Eq. (16), the β 1 and β 2 have the following forms
Inserting Eq. (17) into Eq. (4) and then using Eq. (12) and Eq. (13), we can get F φ and C l . Figure 1 describes the dynamics behavior of QFI and QC in the different Ω value. The dotted red line is for Ω = 0.01ω 0 value, the dashed blue line is for Ω = 0.5ω 0 and the solid green line is for Ω = ω 0 . From figure  1 (a), one can find that, in the weak cavity-reservoir coupling( ωc ω0 = 3), F φ will monotonously decrease to zero if Ω is very small but F φ reduces and then recovers to a stable value if Ω = ω 0 . Figure 1(b) shows that, in the strong cavity-reservoir coupling( ωc ω0 = 0.3), F φ will slowly and monotonously decrease to zero when Ω = 0.01ω 0 . But an obvious oscillation occurs in the dynamics evolution of F φ as Ω increases and F φ tends a stable value when Ω = ω 0 . Figure 1 (c)-(d) draw the dynamical curves of C l in the weak and strong cavity-reservoir coupling for different Ω value. Similar to the case of figure 1(a) , C l monotonously decays to zero when Ω is very small but C l reduces and then recovers to a stable value when Ω = ω 0 . Besides, the decay rate of C l is smaller than that of F φ . The curves of figure 1(d) is also similar to that of figure  1(b) , the difference is also that the decay rate of C l is smaller than that of F φ . In figure 2(a) , we plot F φ as a function of ω 0 t and Ω ω0 in the weak cavity-reservoir coupling( ωc ω0 = 3). We can see that F φ decays monotonously when Ω is smaller however F φ oscillates damply to a stable value when Ω closes to ω 0 . Figure 2 (b) exhibits F φ as a function of ω 0 t and ωc ω0 when Ω = ω 0 . The result shows that F φ oscillates damply to a stable value in both of the weak and strong cavity-reservoir coupling, but the smaller the value of ωc ω0 is, the more obvious the oscillation is. Furthermore, the evolution behavior of C l (t) is similar to the F φ , we omit it in order to reduce the space.
Thence, both of the atom-cavity coupling and the cavity-reservoir coupling can effectively protect the QFI and the QC. Namely, the enhancement of parameter estimation precision may be acquired by adjusting the atomcavity coupling and the cavity-reservoir coupling. Be-sides, we see that F φ is equal to the square of C l from their stable values, as the same as Eq. (14). In order to explain the above results, we give the decoherence rate Γ(t) as a function of ω 0 t for different Ω value in figure 3. From Eq. (1), we know that the information and energy are exchanged between the atom with the cavity and between the cavity with the reservoir, thus the cavity and the reservoir are all regarded as the environment of the atom. The decoherence rate of the atom Γ(t) depends on the coupling Ω, the frequency ω 0 of the cavity mode and the cut-off frequency ω c of the reservoir mode, as shown in Eqs. (4), (9) and (17) . The case Γ(t) > 0 indicates that the information flows irreversibly from the atom to the environment, but the case Γ(t) < 0 shows that the information flows back from the environment to the atom. In the weak cavityreservoir coupling( ωc ω0 = 3)( figure 3(a) ), if Ω ≤ 0.5ω 0 , the information flows irreversibly from the atom to the environment due to the dissipation of reservoir. Γ(t) is always positive and F φ and C l reduce quickly to zero with ω 0 t. If Ω = ω 0 , the information will be fed back to the atom from the cavity. Γ(t) changes from positive to negative values and then tends to zero so that F φ and C l reduce and then recover to their stable values. In the strong cavity-reservoir coupling( ωc ω0 = 0.3)( figure 3(b) ), if Ω ≥ 0.5ω 0 , the information will flow back from the environment to the atom due to the memory and feedback effect of reservoir. Γ(t) becomes larger and alternates between positive and negative values with Ω increasing so that F φ and C l will oscillate significantly with ω 0 t. When Ω = ω 0 , Γ(t) will tend to zero thus F φ and C l tend to their stable values rather than zero.
B. Lorentzian reservoir
If the reservoir is a Lorentzian spectral density
where Ω is the detuning between the atom frequency ω 0 and the center frequency ω of the spectrum. The parameter λ defines the spectral width of the coupling and the parameter R is a dissipative rate. The case λ > 2R means strong cavity-reservoir coupling. The case λ < 2R is weak cavity-reservoir coupling [50, 51] . We can write γ j (t) from Eq. (6) and Eq. (18) as
Inserting Eq. (19) into Eq. (5), β j is stated as
Inserting Eq. (20) into Eq. (4) and then using Eq. (12) and Eq. (13), we have F φ and C l . Figure 4 expresses the dynamical behaviour of QFI and QC in the different Ω value. The dotted red line is for Ω = 0.01R, the dashed blue line is for Ω = 0.5R, and the solid green line is for Ω = R. In the weak cavity-reservoir coupling(λ = 3R)( figure 4(a) ), one can see that F φ goes down exponentially to zero with Rt when Ω = 0.01R. However, F φ will oscillate very obviously with Rt and then decay to zero when Ω = 0.5R and Ω = R. We also find that the oscillation of F φ becomes faster and the decay of F φ becomes slower with Ω increasing. In particular, F φ will be close to a stable value when Ω = 40R(see the inset in figure 4(a) ). Figure 4(b) shows the dynamical evolution of F φ in the strong cavity-reservoir coupling(λ = 0.1R) for different Ω values. Comparing figure 4(b) with figure 4(a) , we see that F φ decays more slowly in the strong cavity-reservoir coupling than in the weak cavity-reservoir coupling and F φ can be close to a stable value when Ω = R in the strong cavity-reservoir coupling. Figure 4 (c)-(d) display the dynamical behaviour of C l in the weak and strong cavity-reservoir coupling for different Ω value. Similar to the case of figure 4(a), C l monotonously decays to zero with Rt when Ω = 0.01R, but C l will oscillate damply to zero when Ω is small non-zero value and C l is close to a stable value when Ω = 40R. But the decay rate of C l is smaller than that of F φ . The curves of figure 4(d) are also similar to that of figure 4(b) , the difference is that the decay rate of C l is smaller than that of F φ . In figure 5 (a), we plot F φ as a function of Rt and Ω R when λ = 0.1R. We can find that F φ will oscillate damply to a stable value with Ω increasing, and the larger Ω corresponds to the faster frequency of oscillation in the strong cavity-reservoir coupling. Figure 5 (b) exhibits F φ as a function of Rt and λ R when Ω = R. We can know that F φ oscillates damply to a stable value only in the strong cavity-reservoir coupling. The smaller the value of λ is, the more obvious the oscillation is. Moreover, the evolution behavior of C l (t) is similar to the F φ , we omit it in order to reduce the space.
Therefore, both of the atom-cavity coupling and the cavity-reservoir coupling can effectively protect QFI and QC, the enhancement of parameter estimation precision may occur by adjusting the atom-cavity coupling and the spectral width. Besides, F φ is equal to the square of C l from their stable values, as the same as Eq. (14) . In order to explain the results in figure 4 and figure 5 , we draw the curve of the decoherence rate Γ(t) as a function of Rt for the different Ω value. From Eqs. (4), (9) and (20), we know that the decoherence rate of the atom Γ(t) depends on the coupling Ω, the spectral width λ and the dissipative rate R. The case Γ(t) > 0 indicates that the information flows irreversibly from the atom to the environment, but the case Γ(t) < 0 shows that the information flows back from the environment to the atom. In the weak cavity-reservoir coupling(λ = 3R)( figure  6(a) ), if Ω ≤ 0.5ω 0 , the information flows irreversibly from the atom to the environment due to the dissipation of reservoir. Γ(t) is always positive and F φ and C l reduce quickly to zero with Rt. If Ω = R, the information will be fed back to the atom from the environment. Γ(t) changes from positive to negative values and then tends to zero so that F φ and C l reduce and then recover to their stable values. In the strong cavity-reservoir coupling(λ = 0.1R)( figure 6(b) ), if Ω ≥ 0.5R, the information will flow back from the environment to the atom due to the memory and feedback effect of reservoir. Γ(t) becomes larger and alternates between positive and negative values with Ω increasing so that F φ and C l will oscillate significantly with Rt. When Ω = R, Γ(t) will tend to zero thus F φ and C l tend to their stable values rather than zero.
V. CONCLUSION
In summary, we investigate QFI and QC of an atom in a dissipative cavity, in which the bosonic reservoir has an Ohmic and a Lorentzian spectral densities at zero temperature, respectively. We acquired the analytical solutions of QFI and QC as well as their relationship. For the Ohmic reservoir, both of the atom-cavity coupling and the cavity-reservoir coupling can effectively protect QFI and QC. Especially, QFI and QC will oscillate significantly with time and tend to their stable values when Ω = ω 0 . For the Lorentzian reservoir, we observed that both of the atom-cavity coupling and the cavity-reservoir coupling can also effectively protect QFI and QC. In the weak cavity-reservoir coupling, QFI and QC can tend to their stable values only when the atom-cavity coupling is very strong(Ω = 40R). In the strong cavity-reservoir coupling, QFI and QC can also tend to their stable values when the atom-cavity coupling is smaller(Ω = R). That is, the enhancement of parameter estimation precision will occur by adjusting the atom-cavity coupling whether in the weak or in the strong cavity-reservoir coupling. The quantum coherence can augment QFI and can effectively improve the quantum metrology.
